Abstract. Let F/E be a Galois extension of totally real number fields, with Galois group Gal(F/E). Let N be an integral ideal which is Gal(F/E)-invariant, and k ≥ 2 an integer. In this note, we study the action of Gal(F/E) on the Hecke orbits of Hilbert newforms of level N and weight k. We also discuss the geometric counterpart to this action, which is closely related to the notion of abelian varieties potentially of GL 2 -type. The two actions have some consequences in relation with Langlands Functoriality.
Introduction
Let F be a totally real number field of degree d, with ring of integers O F . Let N be an integral ideal of F and k ≥ 2 an integer. Let f be a Hilbert newform of level N, and (parallel) weight k; and L f the field of coefficients of f . We recall that L f = Q(a m (f ) : m ⊆ O F ), where a m (f ) is the Hecke eigenvalue of f at the Hecke operator T m for the integral ideal m. By [Shi78, Proposition 2.8], L f is either totally real or CM.
Let τ : L f ֒→ Q be a complex embedding. Then, by the Strong Multiplicity One Theorem [Miy71] and [Shi78, Proposition 2.6], there is a newform f τ of level N and weight k determined by its Hecke eigenvalues a p (f τ ) := τ (a p (f )), for all primes p.
The Hecke orbit of the form f is defined as the finite set
[f ] := {f τ : τ ∈ Hom(L f , Q)}.
Let us further assume that F is Galois over some subfield E, and write G := Gal(F/E). Let us also assume that N = N σ for all σ ∈ G. Then, similarly, for all σ ∈ G, there exists a newform σ f of level N and weight k determined by its Hecke eigenvalues a p ( σ f ) := a σ(p) (f ), for all primes p. The form f τ is often called an exterior twist while σ f is known as an inner twist. In the literature, exterior twists and inner twists have been studied quite extensively, but separately, to the best of our knowledge. However, there is clearly an action of G on Hecke orbits of newforms. Indeed, let f be a newform of level N and weight k, σ ∈ G and τ ∈ Hom(L f , Q). Then, Lσ f = L f , and for p prime, we have
So that we have a well-defined action of G on the set of Hecke orbits of newforms of level N and weight k given by σ · [f ] = [ σ f ]. Therefore, understanding the action of G on those orbits seems a rather natural question.
In this short note, we describe the compatibility between base change and Hecke orbits of Hilbert newforms when the base field is Galois. Our results are essentially a generalisation of those in [CD17] to non-solvable extensions under the assumption that the Base Change Conjecture is true. Although the results are somewhat straightforward, and are probably known to most experts, they seem to have rather strong implications relating to Langlands Functoriality. That was illustrated in [CD17] where the functorial connection between the Eichler-Shimura conjecture and the Gross-Langlands conjecture on the modularity of abelian varieties was discussed. We conclude the note with an example pertaining to this connection. Let F be the maximal totally real subfield of Q(ζ 32 ), and D the quaternion algebra over F ramified at the unique prime above 2 and 7 real places. Let X D 0 (1) be the Shimura curve attached to D. Our example shows that the field of 2-torsion of the Jacobian of the curve X D 0 (1) (and its Atkin-Lehner quotient) is the unique Galois extension N/Q unramified outside 2, with Galois group the Frobenius group F 17 = Z/17Z ⋊ (Z/17Z)
× . This completes Noam Elkies' answer [Elk15] to a question posed by Jeremy Rouse on mathoverflow.net.
The outline of the paper is as follows. In Sections 1 and 2, we recall the necessary background on Hilbert modular forms, and base change. In Section 3, we discuss the compatibility of base change with Hecke orbits. In Section 4, we introduce the notion of abelian varieties potentially of GL 2 -type. We then discuss their Galois descent properties, and its implications for Langlands Functoriality. Finally, in Section 5, we conclude with an example.
In this section, we summarise the results we need on Hilbert modular forms, their associated automorphic representations and Galois representations. We refer to [Car86b, Hid88, Shi78, Tay89] for further details.
Le F be a totally real field, and J F the set of real embeddings of F . Let H F := H JF , where H = {z ∈ C|im(z) > 0} is the Poincaré upper halfplane. Fix an integer k ≥ 2.
1.1. Hilbert modular forms. We let G = Res F/Q (GL 2 ), this is the algebraic group obtained by restriction of scalars of GL 2 from F to Q. By definition of G/Q, we have
Let G + ∞ be the connected component of the identity element. Then, G + ∞ acts on H F component-wise by Mobius transforms. This action extends uniquely to G ∞ component-wise, such that on the v-th factor, the matrix
For every matrix γ = a b c d ∈ GL 2 (F ), and z ∈ C, we define
There is a (left) action of G Q on this space, given by
The space of Hilbert modular forms M k (U ) of weight k and level U is the set of functions f :
) is holomorphic. By Condition (1) (and the Koecher principle [Shi78, sec. 2]), f x admits a q-expansion of the form
where
We say that f is a cusp form if, in addition to (1) and (2), we have (3) f x | k γ has no constant term, i.e. a 0 (f x | k γ) = 0, for all x ∈ G f and γ ∈ G Q . We denote the space of cusp forms by S k (U ).
Let N be an integral ideal, we defined the compact opens:
For U = U 0 (N) or U 1 (N), the strong approximation theorem implies that
where Cl + (F ) is the narrow class group of F . Let d be the different ideal of F , and c i , i = 1, . . . , h + , a complete set of representatives for the classes in Cl + (F ). For each i, let x i ∈ G f be such that the idèle det(x i ) generates the ideal c i , and define
Then, we have a bijection
where 
Since f i is invariant under O +× F , which acts as z → ǫz, we see that
So the quantity a m (f ) is well-defined. We call it the Fourier coefficient of f at m.
Petersson inner product.
We have the measure dµ(z)
The Petersson inner product on S k (U ) is given by
1.3. Hecke operators. For x ∈ G f , we define the Hecke operator
where [U xU ] = i x i U . For every prime p (resp. p ∤ N), we define the Hecke operators
where ̟ p is a uniformizer at p (resp. p ∤ N). We define the Hecke algebra T k (U ) to be the Z-subalgebra of End C (S k (U )) generated by the operators T p for all primes p, and S p for all primes p ∤ N. We will simply write T if there is no confusion.
1.4. Cusp forms with characters. Let χ : F × \A × F → C × be a Hecke character of modulus N and infinite type (−n 0 , . . . , −n 0 ). We define the space of Hilbert cups forms of level N, weight k and character χ by
We will simply write S k (N) when χ := 1 is the trivial character. Then, we have the following decomposition (see [Shi78, sec. 2]), which is compatible with the Hecke action:
where χ runs over all Hecke character of modulus N and infinite type (−n 0 , . . . , −n 0 ). We will denote by T k (N, χ) the Hecke algebra acting on S k (N, χ). Again, we will simply write T if there is no confusion.
1.5. Eigenforms. We say that f ∈ S k (N, χ) is an eigenform if it is an eigenvector for all the operators T m , S m ∈ T k (N, χ). In addition, we say that f is normalised if a (1) (f ) = 1. In this case, there is a ring homomorphism λ f :
is a number field. It is either totally real or CM.
1.6. Newforms. Let M | N be divisible by the conductor of χ, and Q | NM −1 . Then, by the Multiplicity One Theorem, there is a well-defined map
determined by setting a m (g|Q) = a mQ −1 (g). The old subspace of level N, weight k and character χ is defined by
This is stable under the action of T k (N, χ). We define the new subspace S k (N, χ) new of level N, weight k and character χ to be the orthogonal complement of S k (N, χ) old under the Petersson inner product. So, we have
We say that f ∈ S k (N, χ) is a newform if it is a normalised eigenform which belongs to S k (N, χ) new . By [Hid88, Theorem 5.2], we have a perfect pairing
new be a newform. Then, we have a Q-algebra homomorphism
By considering the Q-structure S k (N, χ; Q) on S k (N, χ), we have an isomorphism of Q-vector spaces
We also have a natural bijection 
1.8. Automorphic representations attached to Hilbert newforms. Let f ∈ S k (N, χ) new be a newform. Then there is an automorphic representation π f of GL 2 (A F ) attached to f , which by [Fla79] admits a factorisation as a restricted tension product
where π f,v is an admissible representation of GL 2 (F v ) for all places v of F . 1.9. Galois representations attached to Hilbert newforms. We let G F := Gal(Q/F ) be the absolute Galois group of F . For each prime p, we also let D p and W Fp be the decomposition and the Weil group at p, respectively.
Let f ∈ S k (N, χ) new be a newform, and π f the associated automorphic representation. The following theorem is the result of the work of many people [Car86b, Tay89, BLGGT14] . Theorem 1.1. Let ℓ be a rational prime, and λ a prime of L f above ℓ. Then, there exists a Galois representation
(1) For all p ∤ Nℓ, the characteristic polynomial of Frob p is determined by
(2) More generally, we have
Rham with Hodge-Tate weights
Base change
In this section, we recall the main conjecture regarding non-solvable base change for GL 2 , and refer to [Lan80] for more details.
Let F be as before and assume that E is a subfield of F such that F/E is Galois. Assume that N is stable under the action of Gal(F/E).
Since U is Galois stable, the group Gal(E/F ) acts on
This induces an action on the space S k (U ). It also acts on T k (U ) by sending T p to T σ(p) , and S p to S σ(p) . Via the surjection
this induces an action of Gal(F/E) on the set of automorphic representations of
new be a newform, and σ ∈ G. Then, there is an automorphic representation 
for all primes p. We say that an automorphic representation π is a base change if π • σ ≃ π for all σ ∈ G. We say that f is a base change if π f is a base change. This is equivalent to saying that σ f = f . By the Multiplicity One Theorem, this is also equivalent to saying that a σ(p) (f ) := a p (f ), for all σ ∈ G and almost all primes p. We note that, among other things, this will imply that χ • σ = χ for all σ ∈ G. In other words, χ must factor through the norm map N F/E : F → E.
Let ρ : Gal(Q/F ) → GL 2 (Q ℓ ) be an ℓ-adic representation. For σ ∈ G, let σ ∈ Gal(Q/E) be a lift, and set
Then, ρ σ is well-defined and depends only on σ. We call it the σ-conjugate of ρ.
Conjecture 2.1 (Base Change [Lan80] ). Let f be a Hilbert newform of Gal(F/E)-invariant level N, weight k and character χ. Then, the followings are equivalent:
(e) There exists a Hilbert newformf of level
where new ) is a G-set whose fixed points correspond to newforms that are base change.
Remark 2.3. We recall that Conjecture 2.1 is true when F/E is a cyclic extension (see [Lan80] ). In the non-solvable case, there have been some progress for F/Q totally real thanks to Hida [Hid09] and Dieulefait [Die12] .
Remark 2.4. The level U 1 (N ′ ) of the formf in Conjecture 2.1 can be determined explicitly using the local-global compatibility conditions in Theorem 1.1. We note that, for F/Q cyclic of prime degree, there is earlier work of Saito [Sai79, Theorem 4.5] which gives U 1 (N ′ ).
Base change and Hecke orbits
We keep the notation of Section 2. In particular, N is an integral ideal which is Gal(F/E)-invariant, and S k (N) is the space of cusp forms of level N, weight k and trivial character.
Let S be the set of Hecke orbits of the newforms in S k (N). Let f ∈ S k (N) be a newform, τ ∈ Hom(L f , Q) and σ ∈ G. Then, we have that Lσ f = L f , and that
This means that, by setting
where L runs over all fields of coefficients and
Our goal is to understand the orbits of this action on this union. To this end, we start with the following lemma, which is somewhat straightforward.
Lemma 3.1. Assume that Conjecture 2.1 is true. Let f ∈ S k (N) be a newform with field of coefficients L such that the G-orbit of [f ] is a singleton.
(a) There is a group homomorphism
where, for every σ ∈ G, φ(σ) := τ is the unique element in Aut(L) such that
for all primes p. By the Strong Multiplicity One Theorem [Miy71] , the element τ is well-defined and uniquely determined. Furthermore, since Lσ f = L f = L, and L is generated by the Hecke eigenvalues of f , we have that τ ∈ Aut(L). So, setting φ(σ) := τ , we get a well-defined map φ : G → Aut(L).
To prove that φ is a group homomorphism, let φ(σ 1 ) = τ 1 and φ(σ 2 ) = τ 2 . Then, for all primes p, we have
So we have σ1σ2 f = f τ1τ2 , and hence φ(σ 1 σ 2 ) = φ(σ 1 )φ(σ 2 ) by the Multiplicity One Theorem.
(b) Since f is not a base change from E, there exists σ ∈ G such that
. Therefore, φ(σ) = 1, hence it must be non-trivial.
(c) Assume that there were σ = 1 such that φ(σ) = 1. This would imply that σ f = f . So f would be a base change from the subfield E ′ = F σ , which would be a contradiction. So φ must be injective.
Remark 3.2. Letting K = L ∆ in Lemma 3.1, where ∆ := im(φ), we see that Gal(L/K) = ∆. So, in other words, Lemma 3.1 (c) implies that we have an injection Gal(F/E) ֒→ Gal(L/K). As we will see later, in all our examples where Gal(F/E) is solvable, this injection is in fact an isomorphism. But there is no reason for this to persist forever as the degree of the field L becomes larger.
Theorem 3.3. Assume Conjecture 2.1 is true. Let f ∈ S k (N) be a newform with field of coefficients L,
(a) There exists a group homomorphism
′ is non-trivial, and f is not a base change from E ′ , then φ is nontrivial. (c) If G ′ is non-trivial, and f is not a base change from any intermediate field
is a singleton, so we apply Lemma 3.1 relative to the extension F/E ′ .
Corollary 3.4. Let F/E be a cyclic extension, and f ∈ S k (N) be a newform with field of coefficients L.
where τ ∈ Aut(L) is the unique element such that
′ is non-trivial, and f is not a base change from any intermediate field
Proof. Since F/E is cyclic, Conjecture 2.1 is true in that case.
There is a wide range of combinatorial results that one could derive from Theorem 3.3. We only state the following corollaries as an illustration.
Corollary 3.5. Assume Conjecture 2.1 is true. Let f ∈ S k (N) be a newform whose Hecke constituent is the unique constituent of dimension
′ /E such that f is a base change from E ′ .
Proof. By assumption, we have Stab
Assume that there is no intermediate field E ′ such that f is a base change from E ′ . Then, the map φ is injective by Theorem 3.3. This implies that d f ≥ |G|, which is a contradiction. Corollary 3.7. Assume Conjecture 2.1 is true. Let f ∈ S k (N) be a newform with field of coefficients L f . Let n f be the number of Hecke constituents of dimension
Assume that d f is coprime with |G|. Then, either f is a base change from E and n f = 1, or f is not a base change from any proper subfield of E ′ /E and n f = |G|.
Remark 3.8. In practice, it can be very hard to decide whether a newform f is a base change or not. The thrust of Corollaries 3.5, 3.6 and 3.7 is that they allow us to do so by using purely combinatorial arguments sometimes.
Remark 3.9. An immediate consequence of Corollaries 3.6 and 3.7 is that a naive generalisation of the Maeda conjecture [HM97, Conjecture 1.2] to totally real number fields will not work. Any proper generalisation must be sensitive to the the action of Gal(F/E) on Hecke orbits of newforms.
4. Abelian varieties potentially of GL 2 -type Theorem 3.3 and its corollaries have natural implications for the theory of descent of abelian varieties. Indeed, let f be a newform of weight 2 and level N. Assume that f is not a base change from E, and that the map φ :
, where ∆ = im(φ). Further assume that there exists an abelian variety A f which satisfies the Eichler-Shimura construction for f and recall that, we have a σ(p) (f ) = τ (a p (f )), for all primes p and σ ∈ Gal(F/E), where τ = φ(σ). Consider the family of λ-adic representations
attached to A f , where λ runs over all primes in L f . The identity above implies that A f is isogenous to all its Galois conjugates, and that the induced representations
Definition 4.1. Let A/E be an abelian variety. We say that A is potentially of GL 2 -type if there exists an extension F/E such that A × E F is of GL 2 -type. We see that an abelian variety that is of GL 2 -type is clearly potentially of GL 2 -type. We also see that being potentially of GL 2 -type is slightly stronger than simply acquiring extra endomorphism after base change.
Let A be an abelian variety defined over F , and [A] its isogeny class. For any
where A σ is the Galois conjugate of A by σ. This defines an action of G E on isogeny classes of abelian varieties defined over F since A ∼ A ′ implies that A σ ∼ A ′ σ . We note that, since A is defined over F , this action factor through G = Gal(F/E). If A is of GL 2 -type, then A σ is also of GL 2 -type and End We recall the following well-known lemma.
Lemma 4.2. Let A/F be an abelian variety of GL 2 -type, and L = End F (A) ⊗ Q. Assume that A is isogenous to all its Galois conjugates. Then, there exists a group homomorphism φ : G → Aut(L).
Proof. Let {µ σ : A σ → A} σ∈GE be a system of isogenies. For each σ ∈ G E , we define
A σ → A} σ∈GE be another system of isogenies. Then, we have
since L is commutative. Therefore, τ σ is well-defined and independent of the choice of the system of isogenies. It is not hard to see that (φ : G E → Aut(L), σ → τ σ ) defines a group action, hence is a homomorphism. Since A is defined over F , which is Galois over E, the map φ factors through G. This concludes the lemma.
We recall that an abelian variety A/F of GL 2 -type, which is isogenous to all its Gal(F/E)-conjugates, is called an E-variety if the homomorphism φ in Lemma 4.2 is trivial. In this case, Ribet [Rib94, Theorem 1.2] shows that there exists a 2-extension F of F , and a system of isogenies {µ σ : A σ → A} σ∈G defined over F .
Proposition 4.3. Let F/E be a Galois extension, and A a non CM abelian variety of GL 2 -type defined over F . Assume that A is an E-variety with a system of isogenies {µ σ : A σ → A} σ∈G defined over F . Then, there is an abelian variety B of GL 2 -type defined over E such that A is a simple factor of B × E F .
Proof. This is an adaptation of the proof of [Pyl04, Proposition 4.5] to arbitrary number fields (see also Ribet [Rib04, Theorem 6.1]).
Let A/F be of GL 2 -type, and set L = End F (A) ⊗ Q. Let λ be a prime in L and consider the Galois representation on the λ-adic Tate module of A ρ A,λ : Gal(Q/F ) → GL 2 (L λ ).
Let p be a prime in F , and set
Ribet [Rib04, Proposition 3.3] shows that L is generated by the a p . The content of the following result is that Galois action on isogeny classes of abelian varieties of GL 2 -type should mirror that on Hecke orbits of Hilbert newforms.
Theorem 4.4. Let F/E be a Galois extension, and A a non CM abelian variety of GL 2 -type defined over F with End F (A) ⊗ Q = L. Assume that A is isogenous to all its Galois conjugates.
(a) There exists a group homomorphism φ : G → Aut(L) such that
for all primes p and all σ ∈ G, where τ := φ(σ).
(b) If A is not an E-variety, then φ is non-trivial. (c) If A is not an E
′ -variety for any proper subfield E ′ /E, then φ is an injection.
Proof. (a) By Lemma 4.2, there is a homomorphism φ : G → Aut(L).
We only need to show that φ is compatible with the action of Gal(F/E). Let ℓ be a rational prime, and V ℓ (A) = T ℓ (A) ⊗ Q ℓ the ℓ-adic Tate module attached to A. This is a 2-dimensional L ⊗ Q ℓ vector space, and we let
be the corresponding Galois representation. For σ ∈ G E , the isogeny µ σ induces a
For all α ∈ L, and x ∈ V ℓ (A σ ), we have
From this, we get the diagram below, which is compatible with the action of Gal(Q/F ) as indicated.
This implies that
which is the stated identity. (b) By definition A is an E-variety if and only if φ is trivial.
(c) For every proper subfield E ′ /E, A is not an E ′ -variety. So, φ| Gal(F/E ′ ) is non-trivial. Therefore, φ must be injection.
The following result is a generalisation of [CD17, Theorem 4.2] for cyclic extensions F/E. Theorem 4.5. Let F/E be a Galois extension, and A a non CM abelian variety of GL 2 -type defined over F such that End F (A) ⊗ Q = L is totally real. Assume that is A is isogenous to all its Galois conjugates, and that A is not an E ′ -variety for any proper subfield E ′ /E of F . Then, there exists an abelian variety B defined over E, potentially of GL 2 -type, such that End E (B) ⊗ Q = K and A ∼ B × E F , where K = L ∆ , ∆ = im(φ).
Proof. 
Then, there is an abelian variety B/E, potentially of GL 2 -type, such that
Proof. By construction, the abelian variety A satisfies the condition of Theorem 4.4. So, it descends to an abelian variety B/E potentially of GL 2 -type.
Remark 4.7. By the Gross-Langlands conjecture on the modularity of abelian varieties (see [Gro15] and also [CD17, Conjecture 5.2]), there exists a globally generic cuspidal automorphic representation π on GSpin 2g+1 (A E ) such that
where [π] is the Hecke orbit of π. Since B is the Galois descent of A, Langlands Functoriality predicts that π must be the automorphic descent from GL 2g to GSpin 2g+1 of the automorphic induction of π f from F to E, whose existence also depends on Conjecture 2.1. In other words, Theorem 3.3 implies that there is a functorial connection between the Eichler-Shimura conjecture for totally real fields and the Gross-Langlands conjecture for abelian varieties [Gro15] .
An example
The following beautiful example was first suggested by Benedict H. Gross in connection with his conjecture on the existence of non-solvable number fields ramified at one prime only, which we proved for p = 2 in [Dem09] . Unfortunately, all the residual Galois representations involved have solvable images. Recently, we realised that this example provides better evidence for the conjectures in [Gro15] (see also [CD17] ). Our example also happens to be related to a mathoverflow.net question, which was partially answered by Elkies [Elk15] .
5.1. The Shimura curve. Let F = Q(α) = Q(ζ 32 + ζ −1 32 ) be the maximal totally real subfield of the cyclotomic field of the 32nd root of unity. This field is defined by the polynomial x 8 − 8x 6 + 20x 4 − 16x 2 + 2. Let O F be the ring of integers of F . Let v 1 , . . . , v 8 be the real places of F . We consider the quaternion algebra D/F ramified at v 2 , . . . , v 8 and the unique prime q above 2. More concretely, we 
h Ray class field of modulus Q(c) :
, where u = −α 2 + α has signature (+, −, . . . , −). Let O D be a maximal order in D, and X D 0 (1) the Shimura curve attached to O D . Let w D be the Atkin-Lehner involution at q. We also let D ′ /F be the totally definite quaternion algebra ramified exactly at all the real places v 1 , . . . , v 8 , and fix a maximal order
Let S 2 (q) new be the new subspace of cusp forms of level q and weight 2, this is
new ) be the space of cusp forms of level (1) on D (resp. new subspace of cusp forms of level q on D ′ .) By the Jacquet-Langlands correspondence, we have isomorphisms of Hecke modules
Moreover, we can canonical identify S (i) The forms f and f ′ have the same coefficient field, which is the real quartic field Q(ζ 15 ) + given by x 4 + x 3 − 4x 2 − 4x + 1; (ii) The forms g and g ′ have the same coefficient field, which is the real quartic subfield of Q(ζ 95 ) + given by x 4 + 19x 3 − 59x 2 + 19x + 1; (iii) The coefficient field of the form h is a field L h of degree 24, which is cyclic over the field K h = Q(c) defined by c 3 + c 2 − 229c+ 167 = 0. More precisely, it is the ray class field of conductor c = (
(We summarise that data in Table 1 , and the relations among the forms in Table 2.) Let w and w D be the Atkin-Lehner involutions acting on S 2 (q) new and S D 2 (1) respectively. The Atkin-Lehner involution w acts as follows:
We recall that w D = −w. Proof. Since σ(q) = q and the ray class group of modulus qv 2 · · · v 8 is trivial, the curve X D 0 (1) is defined over F by [DN67, Corollary] , and the field of moduli is Q. Furthermore, the field Q(ζ 32 ) is a splitting field for D whose class number is one. So, the CM point attached to the extension Q(ζ 32 )/F is defined over F . Therefore, by [SV15, Corollary 1.11] the curve X D 0 (1) descends to Q. Alternatively, by using the moduli interpretation in [Car86a] , or the more recent work [TX16] , one can show that both X (1)) and Jac(C). From the above discussion, we have the following decomposition for Jac(
From (5.3), and the fact that w D = −w, we see that
The fourfolds A f and A f ′ (resp. A g and A g ′ ) are Galois conjugate. We will see later that one of consequences of the compatibility between the base change action and Hecke orbits is that the decomposition (5.3) descends to subfields of F .
Theorem 5.4. The abelian variety A h descends to a 24-dimensional variety B h defined over Q, with good reduction outside 2, such that
where Π h is the automorphic representation lifting π h to GSpin 17 (A Q ) and [Π h ] its Hecke orbit.
Proof. By Table 2 , there exists a generator τ ∈ Gal(L h /K h ) such that 
It follows that End
Since the level of the form h is the unique prime q above 2, B h has good reduction outside 2. Now, we turn to the quotient C := X D 0 (1)/ w D . Theorem 5.5. The abelian varieties A f and A f ′ (resp. A g and A g ′ ) descend to pairwise conjugate fourfolds B f and B f ′ (resp. B g and B g ′ ) over Q( √ 2) with trivial endomorphism rings such that
where π f , π f ′ , π g and π g ′ lift to the automorphic representations Π f , Π f ′ , Π g and Π g ′ on GSpin 9 /Q( √ 2). They have good reduction outside ( √ 2).
Proof. The Identity II in Table 2 , combined with [CD17, Theorem 5.4], implies that π f , π f ′ , π g and π g ′ lift to automorphic representations Π f , Π f ′ , Π g and Π g ′ on GSpin 9 /Q( √ 2) (or SO(9) after normalisation) with coefficients in Q. Consequently, the fourfolds A f , A f ′ , A g and A g ′ descend to pairwise conjugate fourfolds B f and B f ′ (resp. B g and B g ′ ) such that
The equalities of L-series follow by functoriality. For the same reason as above, the fourfolds have good reduction outside ( √ 2).
Remark 5.6. The decomposition (5.3) is only true a priori over F . However, Theorem 5.4 and Theorem 5.5 imply that it descends to Q( √ 2). In fact, it will further descend to Q if we put the pairwise conjugates A f and A f ′ (resp. A g and A g ′ ) together. 
. The residual Hecke algebras. Let T new be the Z-subalgebra of End C (S 2 (q)) acting on S 2 (q) new ; and T f , T f ′ T g T g ′ and T h the Z-subalgebras acting on the constituents of f , f ′ , g, g ′ and h respectively. From the above discussion, we have
By direct calculations, we get the followings:
Therefore T new ⊗ Z 2 decomposes into Z 2 -algebras as
Since the prime 2 is inert in L f = L f ′ , and L g = L g ′ , the first four factors of this decomposition are local Z 2 -algebras. Let m f , m f ′ , m g and m g ′ be the corresponding maximal ideals. Then, by the identities in Table 2 , we have
and θ g ′ : T g ′ ⊗ Z 2 → F 16 be the corresponding mod 2 Hecke eigensystems.
Next, we recall that L h is the ray class field of conductor c = ( 1 2 (c 2 − 16c + 25)) over the field K h = Q(c), with c 3 + c 2 − 229c + 167 = 0. The prime 2 is totally ramified in K h . Letting p 2 be the unique prime above it, we get that p 2 = PP ′ , where P and P ′ are inert primes, and τ (P) = P ′ . Therefore, there are two maximal primes m h and m
be the resulting two mod 2 Hecke eigensystems. By computing the socle of the underlying F 2 -module to T new ⊗ F 2 , we obtain that θ f ≃ θ g ≃ θ h , and θ f ′ ≃ θ g ′ ≃ θ ′ h , up to rearranging. We will denote these two Hecke eigensystems by θ and θ ′ respectively.
5.4. The field of 2-torsion for Jac(X D 0 (1)) and Jac(C). To analyse the field of 2-torsion for our varieties, we start with the following proposition. We recall the following diagram
The subfield K = Q(β) = Q(i(ζ 64 + ζ −1 64 )) is the unique CM extension of F with class number 17. For later, we observe that β 2 = −2 − α, where q = (2 + α).
Proposition 5.7. Letρ,ρ ′ : Gal(Q/F ) → GL 2 (F 16 ) be the mod 2 Galois representations attached to θ and θ ′ respectively. Then, there are characters χ, χ ′ : Gal(Q/K) → F × 2 8 , with trivial conductor such thatρ = Ind
Proof. We already computed the Hecke constituents of the space S 2 (1) in [Dem09] . The mod 2 Hecke eigensystems in that case have coefficient fields F 2 s where s = 1, 2, 8. Therefore, since θ has coefficient field F 16 , it cannot arise from an eigenform of level 1. By the Serre conjecture for totally real fields (the totally ramified case) [GS11] , it must appear on the quaternion algebra D ′ with level (1) and nontrivial weight. The same is true for θ ′ . In fact, the analysis conducted above shows that they are the only eigensystems that can appear at that weight. (We note that there are only two Serre weights in this case.)
Let χ : Gal(Q/K) → F × 2 be a character with trivial conductor such that χ s = χ, where Gal(K/F ) = s . By class field theory, we can identity χ with its image under the Artin map. Since χ is unramified, it must factor as χ :
, and the representationρ χ := Ind F K χ : Gal(Q/F ) → GL 2 (F 16 ) has coefficients in F 16 . So, ρ χ has level (1) and non-trivial weight by the argument above. Therefore, it must be a Galois conjugate ofρ. Up to relabelling, we can assume thatρ ≃ρ χ . Since θ and θ ′ are Gal(F/Q)-conjugate, there is also a character χ ′ :
Alternatively, we can show that θ appears on D ′ with the non-trivial weight without using the fact that it has coefficients in F 16 . Indeed, we havē
Let K Q be the completion of K at Q, the unique prime above q. Since K = F [β], and β 2 = −2 − α is a generator of q, then we have
, where ̟ is a uniformiser of F q . Therefore,ρ χ | Dq doesn't arise from a finite flat group scheme. Hence,ρ χ must have non-trivial weight.
We are now ready to state the main theorem of this section. Letting N g and N h be the normal closures of the fields cut out by the mod 2 representations attached to g and h respectively, the same argument shows that Gal(N g /Q) = Gal(N h /Q) = F 17 .
By [Har94, Theorem 2.25], there is a unique field N ramified at 2 and ∞, with Galois group F 17 . Therefore, we must have N = N f = N g = N h . By using the decomposition in (5.3), we see that N must be the field of 2-torsion for both Jac(X One can show that the field K splits the quaternion algebra D. Let O be the suborder of O K of index Q 2 , where Q is the unique prime above q in K. Let Pic(O) be the Picard group of O. A quick Magma calculation show that # Pic(O) = 34 = 2 · 16 + 2. We conclude this note with the following claim.
Conjecture 5.10. The curve C is hyperelliptic over F . Its Weierstrass points are the CM points arising from Pic(O).
Remark 5.11. We believe that the curve C is in fact hyperelliptic over Q.
Remark 5.12. We observe that w D is the unique Atkin-Lehner involution on X D 0 (1). Therefore, if Conjecture 5.10 is true, then the hyperelliptic involution on C must be an exceptional one. We note that, for F = Q, Michon [Mic81] provides a complete list of all Shimura curves with square-free level that are hyperelliptic. (This result was independently obtained by Ogg in an unpublished work.) But, in general, the question of finding those Shimura curves which admit a hyperelliptic quotient is still wide open even for F = Q. In that regards, Conjecture 5.10 is rather striking.
Remark 5.13. One should be able to find an explicit equation for C = X D 0 (1)/ w D using [VW14] . But, currently, the strategy for doing so is not fully implemented. It should also be possible to use a generalisation of the p-adic approach discussed in [FM14] , which was inspired by [Kur94] . We hope to return to this problem in an upcoming paper. 
